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Abstract
Fractal scaling behavior of long-term records of daily runoff time series in 32 sub-
watersheds covering a wide range of size were examined using the shifted box-
counting method and Hurst rescaled range (R/S) analysis. These sub-watersheds
were associated with four agricultural watersheds of different climate and topography.5
The results showed that the records of daily runoff rate exhibited scale invariance over
certain time scales. Two scaling ranges were identified from the shifted box-counting
plots with a break point at about 12 months. The Hurst R/S analysis showed that the
runoff time series displayed strong long-term persistence which dissipated after 15∼18
months. The same fractal dimensions and Hurst exponents were obtained for the sub-10
watersheds within each watershed, indicating that the runoff of these sub-watersheds
have similar distribution of occurrence and similar long-term memory. The existence of
scale invariance in runoff time series from agricultural watersheds may have implica-
tions for extrapolating observations from gauged to ungauged watersheds.
1. Introduction15
Current public policies and legislative mandates are strongly committed to the long
term sustainable development and use of the nation’s watersheds, in particular pro-
tecting the quantity and quality of associated runoff-generated surface water resources
(USEPA, 1995). Hydrologists have developed many mathematical models for predict-
ing runoff in watersheds. The development of most of these models has been based on20
observations taken over relatively small spatial and temporal scales. Since watersheds
vary in their size, topography, land use pattern, hydrogeology, and drainage network
morphology, the usefulness of these models depend on how well they can be extrap-
olated across spatial and temporal scales. This scale transfer problem, meaning the
description and prediction of characteristics and processes at a scale different from the25
one at which observations and measurements are made, remains a pervasive problem
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in many areas of science and engineering including hydrological sciences (Sposito,
1998). The National Research Council (1991) stated: “. . . the search for an invariance
property across scales as a basic hidden order in hydrologic phenomena, to guide
development of specific models and new efforts in measurements is one of the main
themes of hydrologic science”. Sposito (1998) reiterated: “. . . whether processes in the5
natural world are dependent or independent of the scale at which they operate is one
of the major issues in hydrologic sciences”.
Parameters in runoff hydrological models are usually determined from monitoring
data. However, stream networks in many watersheds in the USA are not gauged (or
are partially gauged) and have no flow records, or the flow record is often too short to10
obtain the required hydrological parameters. It would be very useful to find possible
analytical tools that would enable extrapolation of observations of runoff processes in
gauged watersheds or portions thereof, to predict such processes in larger portions
of the same watershed or in non-gauged watersheds (Bloschl and Sivapalan, 1995).
Runoff processes are the direct result of the interaction of the spatial and temporal15
distribution of precipitation and watershed physical characteristics such as topography
and geology. Therefore extrapolation between scales of observations and between
watersheds would require identifying and quantifying the scaling behavior of temporal
and spatial watershed characteristics and processes. Such information could result
in reducing the extent and degree of monitoring required by legislative mandates and20
lead to significant savings in cost and time.
We posit that fractal concepts and approaches provide the wherewithal to resolve
this issue. There is already a significant body of evidence indicating that hydrologi-
cal scaling or scale invariance can be successfully applied in hydrological modeling
(Bloschl and Sivapalan, 1995; Rodriguez-Iturbe and Rinaldo, 1997). Scale invariance25
implies an absence of characteristic scales and can lead to relationships connecting
statistical properties of the geometric feature and/or dynamic processes at different
scales. Mathematically, statistical scale invariance manifests itself when the depen-
dence of number of observations in the series greater than a specified value on the
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values themselves follows a power law. Studies have shown that the scale invariance
property is not only a feature of geometrical watershed characteristics, but may also be
an inherent characteristic of hydrological dynamic processes (Schertzer and Lovejoy,
1987; Rodriguez-Iturbe and Rinaldo, 1997). Other reports indicate that some hydro-
logical processes (e.g. rainfall), are spatially scale dependent processes (Gupta and5
Waymire, 1987). Scale invariant properties would be particularly useful in agricultural
watersheds with sparse gauge networks, or where time series of rainfall and runoff
records are relatively short (Olsson et al., 1992).
Since the demonstration of the validity of fractal concepts to describe natural objects
by Mandelbrot (1983), the generality of the fractal nature of watershed hydrological10
characteristics and processes appears to be more and more widely acknowledged.
Early researches were mostly focused on time series of rainfall records (Lovejoy and
Schertzer, 1985; Olsson et al., 1992, 1993; Gupta and Waymire, 1993; Menabde et
al., 1997; Schmitt et al., 1998). These studies have indicated that rainfall might be
characterized by some time and/or space parameters, which are valid over a range of15
time and space scales. Not surprisingly, the results of these early studies of rainfall
series led naturally and logically to speculation that similar fractal spatial and temporal
scaling characteristics exist for other watershed hydrological processes such as runoff
and stream flows. Some recent reports have indicated that this is the case for regional
flood frequencies in large natural drainage networks (Radziejewski and Kundzewicz,20
1997; Robinson and Sivapalan, 1997; Pandey et al., 1998). A power law relationship
was observed to hold between mean annual peak discharge per unit area and drainage
area (Robinson and Sivapalan, 1997). Gupta et al. (1996) argued that the hypothesis
of self-similarity presented a powerful unifying theoretical framework, which can bridge
statistical theory of regional flood frequency and important empirical features in water-25
shed topographic, rainfall, and flood data sets. Radeziejewski and Kundzewicz (1997)
studied and identified the scale invariance of the daily river flow of the river Warta in
Poland. They also combined several normalized flow series and evaluated the impact
of such combinations on the fractal dimension. More recently, the scaling properties of
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runoff in karstic watersheds were also investigated (Labat et al., 2002).
Parallel studies of runoff in agricultural watersheds have not been attempted. The
objective of present study was to investigate scale invariance behavior of daily runoff
rate time series for four agricultural watersheds and their 32 sub-watersheds. The
scaling properties were examined by the fractal dimension estimated using the shifted5
box-counting method and by Hurst exponents estimated using rescaled range (R/S)
analysis.
2. Data and methods
2.1. Runoff data
The database developed by the Hydrological and Remote Sensing Laboratory of the10
Agricultural Research Service of the US Department of Agriculture (USDA/ARS/HRSL)
was the source of the hydrological data analyzed in this study. It consisted primarily of
rainfall/runoff data from the ARS monitored experimental agricultural watersheds na-
tionwide. These watersheds represent numerous land uses and agricultural practices
and cover a diverse range of climatic conditions across the US. About 16 600 station15
years of rainfall and runoff were available in the database.
Four agricultural watersheds were selected from the database: (1) the Little River
watershed, Southeast Watershed Research Laboratory, Tifton, Georgia; (2) the Lit-
tle Mill Creek watershed in the North Appalachian Experimental Watershed, Coshoc-
ton, Ohio; (3) the Reynolds Creek watershed, Northwest Watershed Research Center,20
Boise, Idaho; and (4) the Sleepers River watershed, Danville, Vermont. Several factors
were taken into account in selecting watersheds for investigation, including length and
completeness of the records, watershed and sub-watershed sizes, and availability of
other ancillary information.
Each watershed selected contained a number of sub-watersheds and their proper-25
ties are summarized in Table 1. A total of 32 sub-watersheds was analyzed. These
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sub-watersheds covered a wide range of sizes from 0.01 km2 (sub-watershed W-23 of
the Reynolds Creek watershed) to 334 km2 (sub-watershed W-TB of the Little River
watershed). Surface runoff in these sub-watersheds was measured and recorded at
various intervals, from a few minutes to several hours. In general, more frequent mea-
surements were made during rain days. The runoff records within each day were inte-5
grated to obtain daily runoff time series for further analysis.
2.2. Shifted box-counting analysis
The records of a runoff time series can be regarded as a binary set of points, which
is defined on some threshold values. Zero is generally used as a default threshold
value, though other values >0 can be also used. In this case, only the observations10
with the value greater than the threshold are considered as points of the derived set.
In this study, four threshold levels of the runoff rate (0, 0.5M, M, and 1.5M, where M
is the average daily runoff rate) were used to define the sets. The scaling property of
the runoff data series was measured on the resulting sets by the shifted box-counting
method, which is an improvement proposed by Radziejewski and Kundzewicz (1997)15
on the conventional box-counting method.
In this method, a uniform one-dimensional grid of box size ε was superimposed onto
the time domain on which the series is defined. The number of non-overlapping grid
segments (boxes) needed to cover the whole series to be analyzed was counted. Only
those boxes that contained at least one element that was above the threshold value20
were counted. The grid position was then shifted in time different units, from 1 to ε–1.
The number of boxes, N(ε), containing elements of the set of interest for all possible
shifts were counted, and finally the counts were averaged.
Different box sizes were used to cover the sets. The minimum box size (ε) used was
one day, and then the size was doubled (i.e. 2, 4, 8, ...), until the maximum size (1/5 of25
the data length) was reached. For sufficiently small ε, N(ε)∝(1/ε). The relationship of
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N(ε) versus ε was fitted to a power law function:
N (ε) = C (1/ε)D , (1)
where C and D are constant values.
The fractal dimension, (D), was calculated as:
D = lim
ε→0
(log N(ε) − log c)/(log(1/ε)) (2)5
In applying this method log N(ε) was plotted versus log (1/ε), and D was estimated
from the graph as the slope of the straight line best fitted to the points.
2.3. Rescaled Range (R/S) analysis
R/S analysis and the Hurst exponent (H) have been used to evaluate the long-term
dependence of geophysical, economic, and biological time series (Hurst, 1951; Maldel-10
brot and Wallis, 1969; Peters, 1994). The R/S analysis is based on the fact that the
difference between the maximum and minimum values of a time series yt would change
for ∆t, 2∆t, ..., m∆t, where ∆t is the time interval between two continuous observa-
tions. A set consisting of pairs of calculated values (i.e. R and S) are needed for R/S
analysis, where R is the range (the accumulative departure from the mean) and S is the15
standard deviation. To obtain R, the sum of the deviations of the values of yt from the
mean of the values over m time steps (termed as lag time) were calculated. This was
done for all values of 1 ≤ t ≤ m. Thus a set of m accumulated sums were generated.
For a given value of m, R(m) was then taken as the difference between the maximum
and minimum of these m sums as follows20
R(m) = max
1≤t≤m
[y(t,m)] − min
1≤t≤m
[y(t,m)] (3)
y(t, m) =
t∑
u=1
[y(u)−〈y〉m] for 1 ≤ t ≤ m, (4)
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where y(t, m) denotes the set of m values obtained for 1≤t≤m, u is a dummy variable
for summation, and 〈y〉m denotes the mean of yt over the m values of yt.
The value of S(m) is the standard deviation of all the values of yt over the m time
steps. The ratio R(m)/S(m) is called the rescaled range. Values of R(m)/S(m) were
calculated for different values ofm, and are related to the Hurst exponent, H , as (Hurst,5
1951)
R(m)/S(m) = C ∗mH , (5)
where C is a constant. Exponent H is estimated from the graph as the slope of the
straight line best fitted to the points in a logarithmic plot.
3. Results and discussion10
3.1. Estimated fractal dimension
An example of the shifted box-counting graph log N(ε) versus log ε for the runoff time
series in sub-watershed W-TB of the Little River watershed is displayed in Fig. 1. The
mean daily runoff rate in this example was 3.52m3 s−1 (Table 1). Since log N(ε) versus
log ε was plotted instead of log N(ε) versus log (1/ε), the value of the negative slope15
represents the estimated fractal dimension of the sets. The box sizes (time scales)
were between one day and 1/5 of the length of the records. If the runoff time series
possessed a scale-invariance property, a straight line could be fitted to the box-counting
graph or part of it, according to the Eq. (2). Figure 1 shows that for each threshold,
two distinct scaling ranges are apparent, each of which can be fitted with a straight-line20
section by least square regression, instead of a single linear relationship over the entire
range of time scales.
The negative slope of each regression line represents the fractal dimension within
that scaling range. The existence of linear relationship over certain time scales indi-
cates that there is a scale invariant distribution of runoff in time, which is valid within25
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the defined linear scaling range. In fluid mechanics, dimensionless similarity parame-
ters such as Reynolds number are used to bridge across scales in hydraulic design.
However, it was not feasible to extend this principle of similarity using dimensional pa-
rameters to watershed hydrological processes across different scales (Dooge, 1986).
By using fractal concepts, temporal scale invariance of runoff might be characterized5
by a single parameter, fractal dimension (D). Since two D values were obtained from
the box-counting analysis for the time series in this example over the time period under
consideration, it implies that its scaling properties vary with the time scales.
Likewise, the runoff time series of other five sub-watersheds in the Little River wa-
tershed as well as all the sub-watersheds in the other watersheds studied (Little Mill10
Creek watershed, Reynolds Creek watershed, and Sleepers River watershed) all dis-
played two scaling ranges for each threshold in their box-counting graphs. The break
point (intersection of the two straight line sections in the log N(ε) versus log ε plots)
for all thresholds corresponded to the same box size, which indicates the same scaling
ranges are valid no matter what runoff intensity threshold was used to define the set.15
To further precisely locate the break point, the box-counting technique was applied
with one-day increment of box size (Fig. 2) instead of the exponential doubling incre-
ments used for Fig. 1. In Fig. 2, the break point was found to correspond to a box
size of approximately 365 days. This may be explained by the obvious annual cycle of
all the runoff time series. The fact that two scaling ranges were apparent would indi-20
cate that the scaling characteristics of the short-term process (<1 year) and long-term
process (>1 year) for watershed runoff were different. Breakpoints in scaling ranges
for watershed runoff were also found in other studies using the shifted box-counting
analysis. In their investigation of daily flows of the river Warta in Poland, Radziejewski
and Kundzewicz (1997) reported a distinct break point in the scaling ranges at ap-25
proximately 2–4 years. They also detected another less distinct break point located at
10–15 days.
The pattern of multiple scaling segments in box-counting plot has been also ob-
served in rainfall time series (Olsson et al., 1992, 1993). The box sizes corresponding
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to the break points on the plot were related to the average duration of rainfall events
and the average duration of dry periods between rainfall events (Olsson et al., 1992).
In another study of rainfall, Peters and Christensen (2002) detected a break point of
scaling near 3–4 days. They concluded that parameters estimated from the rainfall se-
ries could not be used to characterize the frontal system if the estimates are based on5
observations that are temporally separated by significantly more than 3 days. Multiple
scaling ranges seem to be a common phenomenon of natural hydrological series.
Estimated fractal dimensions of the runoff time series are summarized in Table 2
through 5 for each of the four watersheds. If we term the scaling range of box size
less than 1 year as range 1, and as 2 otherwise, the fractal dimension in range 1 de-10
creases as the threshold increases. In range 1, for example, D decreases from 0.96
at 0m3s−1 to 0.71 at 5.28m3s−1 for the runoff time series of sub-watershed W-TB (Ta-
ble 2). However, the fractal dimensions at range 2 show almost no change for various
thresholds with D=1.0 (Fig. 1). The dependence of the estimated fractal dimension on
the defined threshold value was also observed in previous studies (Olsson et al., 1992,15
1993; Radziejewski and Kundzewicz, 1997). In all of these studies, a fractal dimension
of 1.0 was obtained when the time scale exceeded a certain value, which was about
365 days in this study.
Naturally, a runoff series of observations has an intermittent pattern. Especially in a
dry area, runoff occurs over relatively short durations separated by much longer time20
intervals of various lengths with no measurable runoff. Therefore, the runoff can be
best modeled as a random Cantor set (or Cantor dust), which is a strictly self-similar
fractal geometrical object. It is constructed by iteratively removing portions from a
line segment of unit length. The size of the portions and their location on the line
segment on as well as on the remaining sub-segments are randomly selected. The25
simplest form of a Cantor set (a non-random set) is created by iteratively removing the
central one-third portion of a unit line segment. As the process is repeated to infinity,
the sub-segments become shorter and shorter, and form a set of points with various
intervals (gaps) between them. If only the days when daily runoff intensity exceeds a
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selected threshold value are marked, and other days are considered as gaps, then the
time structure of a runoff time series would closely resemble a Cantor dust, and their
degree of clustering of runoff events can be estimated using the using a random Cantor
dust model.
For the runoff series in this study, for the 0m3s−1 threshold, D appropriates or equals5
to 1.0 for all the runoff series (Tables 2 to 5). This might be because the observations of
daily runoff intensity are nearly all greater than 0, therefore, the generated set is almost
continuous with few gaps (no runoff) between them. As the threshold increases, the
records that are not greater than the threshold are filtered out, and hence more gaps
would appear in the newly defined set, and the corresponding Cantor set is sparser.10
As a result, a smaller dimension was obtained from the box-counting plot. In scaling
range 2 where the box sizes are greater than one year the fractal dimension is equal
to 1.0 at all the threshold levels (Fig. 1). This might be because there would always
have at least one day of a year that the runoff rate exceeded the threshold value. The
regression coefficients of regression lines in the log N(ε) versus log ε plots were high15
for all the runoff time series with values greater than or close to 0.990, which indicates
a strong linear relation. These consistently high values are considered requisite to pro-
vide confidence in any inference that the runoff series under investigation demonstrate
scale invariant characteristics.
Table 2 indicates that the fractal dimensions for all the 6 sub-watersheds of the Little20
River watershed at each level of the threshold were almost the same, although the
contribution areas of these sub-watersheds are quite different (2.6 ∼333.8 km2 for sub-
watersheds of the Little River watershed as listed in Table 1). For the sub-watersheds
of the Little River watershed, the D-value ranged from 0.92 to 0.96 for threshold level
1, 0.81 to 0.83 for level 2, 0.74 to 0.79 for level 3, and 0.68 to 0.71 for level 4 (Table 2).25
The same pattern was found in all the other three watersheds (Tables 3 through 5).
The fractal dimension reflects the degree of irregularity by which the occurrence
of an event, such as rainfall, is distributed within a time series (Olsson et al., 1992).
Therefore, the estimated dimension of runoff time series might be interpreted as the
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reflection of the degree of irregularity by which the occurrence of runoff (based on the
threshold defined) is distributed. The almost identical fractal dimension of different
sub-watersheds at a given threshold level suggests that the irregularity of the runoff
distribution in these sub-watersheds has the same pattern, and that the generation of
the runoff might follow the same process for those sub-watersheds within a watershed.5
The results presented in Tables 2 through 5, and the log N(ε) versus log ε
box-counting plots for the runoff time series were quite consistent across the sub-
watersheds of the four watersheds. With the exception of the two smallest sub-
watersheds (W-14 and W-23 of the Reynolds Creek watershed), the same fractal di-
mension (estimated using the shifted box-counting method) was obtained for the runoff10
series at each threshold level although these watersheds varied markedly in climate,
topography, and size (Table 1). For example, for a given threshold level, say level 2,
the fractal dimension is about 0.85 for practically all the runoff time series in four wa-
tersheds (Tables 2 to 5). In other words, runoff time series in these watersheds and
their sub-watersheds have similar distribution of occurrence of runoff, and exhibit the15
same pattern of scaling, although they have different climates, geography, soil type,
land management, etc.
It should be pointed out that the threshold values used to define the sets were
different for each runoff time series because the mean daily runoff rates of the sub-
watersheds were different (Table 1). Selecting threshold values based on mean daily20
runoff rates allows comparison of the fractal dimensions estimated from different runoff
time series. The results indicated that although the daily runoff rates were different by
orders of magnitude (Table 1), the occurrence of runoff had the same distribution.
At threshold level 4, the fractal dimensions of runoff time series for the Little Mill
Creek and Sleepers River watersheds were slightly less than that for the Little River and25
Reynolds Creek watersheds. A lower dimension means that more points are clustered
in groups over time scales. Thus it indicated that high runoff occurrences are more
clustered in the Little Mill Creek and Sleepers River watersheds than the other two
watersheds.
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As discussed above, the occurrence of runoff in agricultural sub-watersheds of vari-
ous sizes had similar distribution, making it possible to extrapolate runoff behavior over
a fairly large range of spatial scales within a watershed. However, this scaling property
may not be valid when the sub-watersheds are small. The box dimension of the runoff
series for the two smallest sub-watersheds (W-14=0.01 km2 and W-23=0.1 km2) of the5
Reynolds Creek watershed, were much lower and did not change at different threshold
levels (Table 4). It indicated that the distribution of runoff occurrence in extremely small
sub-watersheds might be different from larger watersheds, and extrapolation might not
be feasible at relatively small scales. One possible explanation might be that the to-
tal volume of surface runoff from a very small sub-watershed is limited, and measured10
runoff tends to be almost zero most of the time depending on the sensitivity and resolu-
tion of the measuring instruments. On the other hand, for the runoff series investigated
in this study, no upper restriction of sub-watershed size in scaling was detected.
3.2. Estimated Hurst exponent
The Hurst exponent (H) as a useful parameter to describe long-term persistence of15
observations in hydrological time series was initially applied in an empirical manner to
water reservoir design (Hurst, 1951). It was later established that the Hurst exponent
could be theoretically related to the fractal dimension for idealized time series that can
be modeled as fractional Brownian motions. Figure 3 shows an example of the rescaled
range plot used to obtain the Hurst exponent of the runoff time series for sub-watershed20
W-TB in the Little River watershed. In the plot, two distinct scaling ranges (denoted as
range 1 and range 2) are clearly displayed with a break point at a lag time of about 18
month. A straight line was fitted to each scaling range by least square regression. The
regression coefficient of determination (r2) was used to evaluate the goodness of the
linear fit. The high value of r2 for range 1 (>0.990) indicated a valid scaling range.25
The rescaled range plots of all runoff time series had two obvious scaling ranges as
shown in the example of Fig. 3. The lag time corresponding to the break point of the
two scaling ranges was about 15∼18 months, which is consistently greater than the
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value of about 1 year obtained from box-counting plots (Fig. 1).
The H values of each runoff time series are presented in Table 6. In general, the
H values in scaling range 1 (lag time less than the break point) is greater than 0.5
with typical value being above 0.8 (Table 6). An H value greater than 0.5 indicates a
persistent process or positive long-term dependence (Mandelbrot and Wallis, 1969).5
It implies that a greater than average runoff is more likely followed by another greater
than average runoff rather than by chance. In other words, the occurrences of the
runoff have the tendency to appear in clusters, and the tendency is rather strong as
indicated by the high values of H .
Similar H values were obtained for almost all of the runoff time series of sub-10
watersheds within each watershed (Table 6), which implies that these runoff time se-
ries might have similar long-term memory, though their contribution areas are much
different. The two smallest sub-watersheds, namely W-14 and W-23 in the Reynolds
Creek watershed, had a much smaller H value than the other relatively bigger sub-
watersheds. The H value for W-14 is 0.73 and 0.60 for W-23, but about 0.90 for other15
sub-watersheds in the Reynolds Creek watershed (Table 6). Because the Hurst ex-
ponent captures the long-term persistence in the data series, similar values might be
interpreted as a reflection of similarities in stable sub-watershed characteristics such
as topography, meteorology, and soil type. However, this interpretation may not be
applicable at very small scales.20
The sub-watersheds of the Reynolds Creek and Sleepers River watershed had
higher H values than those of the Little River and Little Mill Creek watersheds (Ta-
ble 6), although H values were high for all four agricultural watersheds. The H values
for the Reynolds Creek and Sleepers River sub-watersheds were about 0.9, and the H
values of the other two sub-watershed groupings were about 0.8. As discussed above,25
the Hurst exponent reflects the long-term dependence of the time series. A higher H
value indicates that the previous runoff record will positively affect the future runoff in-
tensity, thus an extreme event would have higher probability of being followed by other
extreme events.
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In comparison with scaling range 1, the H-values for scaling range 2 above the break
point were smaller and more variable among the sub-watersheds than for range 1.
Also, the linear fits had smaller r2 values, indicating that the scaling property in range
2 was not as persistent as in range 1. The smaller H values in range 2 imply that the
strong long-term persistence dissipates beyond the lag time of about 15∼18 months.5
In other words, observations in the runoff record separated by 15 months or more have
little or no impact on each other. For the Little River and Little Mill Creek sub-watershed
groups, H values ranged from 0.46 to 0.53 (Table 6) for scaling range 2, indicating a
random process (Mandelbrot and Wallis, 1969). This implies that the impact of past
events on future runoff basically disappeared after 15∼18 months. For the Sleepers10
River sub-watershed group, the H values were even smaller, much less than 0.50 (Ta-
ble 6) indicating anti-persistence.
As previously indicated, the W-14 and W-23 sub-watersheds of the Reynolds Creek
watershed have much different fractal dimension and Hurst exponent in comparison
with other sub-watersheds, which might be explained by their relatively small size15
(0.1 km2 and 0.01 km2). Watershed hydrological response (e.g. surface runoff), is a
function of the size of the area being considered. The effect of underlying hetero-
geneity on such response is somewhat random at smaller scales, but becomes more
systematic at larger scales (DeCoursey, 1996). General terms such as local scale, hill-
slope scale, and catchment scale are often used to distinguish different spatial scales20
in hydrology (Kirkby, 1988). It is generally recognized that the dominance of various
watershed features changes as scale changes. For example, soil properties dominate
at local and hillslope scale, while the topography and basin morphology are impor-
tant at the larger scale. However, the watershed size ranges that validly define these
scales are hard to determine, since it would depend on the topography, soils, climate25
and other factors of the watershed. For example, it could be a square kilometer or
larger in dry climates with gentle slope and sandy soils, but a hectare or less in humid
areas with loam soils (DeCoursey, 1996). The analyses by Wood et al. (1988) showed
plotted runoff and infiltration volume against catchment area showed a convergence of
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mean runoff and infiltration volumes at about 1.0 km2. This area was described as a
Representative Elementary Area (REA), which is a function of the particular catchment
and climatic characterization and general topography. The REA’s of two catchments
(4.4 and 631 ha) were found to be 0.02–0.03 and 2.5–3.5 km2 for the small and large
areas, respectively (Goodrich et al., 1993). When the catchments are greater than the5
REA, the hydrological response of individual catchments becomes alike even though
the patterns of properties within each catchment may be different (DeCoursey, 1996).
4. Conclusions
The scaling property of daily runoff for 32 sub-watersheds covering a wide range of
sizes in four agricultural watersheds of different climate and topography was examined10
using the shifted box-counting method and Hurst rescaled range analysis. The results
showed that long-term records of daily runoff rate exhibited scale invariance over cer-
tain time scales. Two scaling ranges were identified in the shifted box-counting plots
with a break point at about 12 months. The Hurst analysis showed that the runoff
time series also displayed a rather strong long-term persistence which dissipated af-15
ter 15∼18 months. The same fractal dimensions and Hurst exponents were obtained
for the sub-watersheds within each watershed, indicating that the runoff of these sub-
watersheds have similar distribution of occurrence and similar long-term memory.
These results indicated the existence of scale invariance in the runoff time series
in agricultural watersheds over temporal and spatial scales. This finding would imply20
the theoretical possibility of deriving short-term estimates from longer-term measure-
ments or vice versa, or to transfer information about runoff data and runoff processes
from gauged to ungauged areas. Extrapolation between scales of observations and
between watersheds would reduce the extent and degree of monitoring data required
by legislative mandates or model simulation and lead to significant savings in cost and25
time.
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Table 1. Properties of agricultural watersheds and sub-watersheds studied.
Watershed Sub-watershed Area Record period Daily mean runoff rate
(km2) (m3s−1)
W-TB 333.8 11/01/1971–30/09/2002 3.52
W-TF 114.8 01/01/1969–30/09/2002 1.33
Little River W-TI 49.9 01/01/1969–30/09/2002 0.67
watershed W-TJ 22.1 01/01/1969–30/09/2002 0.29
W-TK 16.7 01/01/1969–30/09/2002 0.21
W-TM 2.6 01/01/1969–31/12/1988 0.03
W-5 1.4 01/10/1938–01/10/1971 0.012
W-10 0.5 05/10/1938–01/10/1971 0.004
W-91 0.32 01/10/1938–01/10/1971 0.011
Little Mill W-92 3.7 01/10/1938–01/10/1971 0.035
Creek watershed W-94 6.2 01/10/1938–01/10/1971 0.059
W-95 11.1 01/10/1938–22/06/1972 0.098
W-97 18.5 01/01/1937–01/10/1971 0.181
W-1 233.5 01/01/1963–30/09/1996 0.56
W-2 36.4 29/01/1964–15/04/1994 0.082
W-3 31.8 13/03/1964–31/12/1990 0.072
W-4 54.4 29/03/1966–30/09/1996 0.42
Reynolds Creek W-11 1.2 01/01/1967–31/12/1977 0.0075
watershed W-13 0.4 01/01/1963–30/09/1996 0.0067
W-14 0.1 07/031996–17/04/1984 0.000041
W-15 0.5 01/10/1964–31/12/1984 0.0069
W-16 14.1 01/01/1973–20/12/1980 0.13
W-23 0.01 15/01/1972–30/09/1996 0.00000057
W-1 42.9 23/01/1959–30/12/1973 0.67
W-2 0.6 01/01/1961–29/11/1971 0.0073
W-3 8.4 01/01/1960–01/02/1979 0.16
Sleepers River W-4 43.5 01/01/1960–30/12/1973 0.72
watershed W-5 111.2 01/01/1960–30/12/1973 1.97
W-7 21.8 01/01/1961–30/12/1972 0.34
W-8 15.6 01/01/1961–15/05/1979 0.24
W-9 0.5 15/09/1961–10/07/1973 0.0076
W-11 2.3 01/05/1964–23/11/1972 0.026
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Table 2. Fractal dimensions of daily runoff rate for six sub-watersheds of the Little River wa-
tershed in Tifton, Georgia. Fractal dimensions corresponding to four threshold levels of the
runoff rate (0, 0.5M, M, and 1.5M, where M is the daily mean runoff rate) were obtained as the
absolute value of the slope of straight lines fitted to plots as shown in Fig. 1.
Sub-watershed Threshold (m3s−1) Fractal dimension (D) r2
0 0.96 0.999
W-TB 1.76 0.81 0.998
3.52 0.76 0.997
5.28 0.71 0.994
0 0.94 0.999
W-TF 0.66 0.83 0.998
1.33 0.77 0.995
2.00 0.71 0.991
0 0.93 0.999
W-TI 0.33 0.83 0.997
0.67 0.77 0.995
1.00 0.70 0.991
0 0.92 0.999
W-TJ 0.15 0.81 0.996
0.30 0.74 0.994
0.45 0.68 0.990
0 0.92 0.999
W-TK 0.10 0.84 0.997
0.20 0.79 0.996
0.30 0.73 0.994
0 0.96 0.999
W-TM 0.015 0.83 0.998
0.030 0.76 0.996
0.045 0.69 0.991
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Table 3. Fractal dimensions of daily runoff rate for seven sub-watersheds of the Little Mill Creek
watershed in Coshocton, Ohio. Fractal dimensions corresponding to four threshold levels of the
runoff rate (0, 0.5M, M, and 1.5M, where M is the daily mean runoff rate) were obtained as the
absolute value of the slope of straight lines fitted to plots as shown in Fig. 1.
Sub-watershed Threshold (m3s−1) Fractal dimension (D) r2
0 1.00 0.999
W-5 0.006 0.83 0.995
0.012 0.75 0.991
0.018 0.69 0.986
0 0.99 0.999
W-10 0.002 0.79 0.995
0.004 0.71 0.990
0.006 0.63 0.983
0 1.01 0.999
W-91 0.0057 0.82 0.996
0.011 0.75 0.991
0.172 0.67 0.985
0 0.99 0.999
W-92 0.018 0.82 0.999
0.036 0.74 0.999
0.054 0.66 0.998
0 1.00 0.999
W-94 0.03 0.82 0.996
0.06 0.73 0.991
0.09 0.66 0.985
0 0.99 0.999
W-95 0.049 0.82 0.997
0.098 0.73 0.993
0.147 0.67 0.989
0 1.00 0.999
W-97 0.09 0.82 0.997
0.18 0.73 0.993
0.27 0.64 0.987
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Table 4. Fractal dimensions of daily runoff rate for ten sub-watersheds of the Reynolds Creek
watershed in Boise, Idaho. Fractal dimensions corresponding to four threshold levels of the
runoff rate (0, 0.5M, M, and 1.5M, where M is the daily mean runoff rate) were obtained as the
absolute value of the slope of straight lines fitted to plots as shown in Fig. 1.
Sub-watershed Threshold (m3s−1) Fractal dimension (D) r2
0 1.00 0.999
W-1 0.28 0.82 0.997
0.56 0.77 0.996
0.84 0.72 0.994
0 1.00 0.999
W-2 0.041 0.85 0.998
0.082 0.76 0.996
0.123 0.70 0.994
0 1.00 0.999
W-3 0.036 0.81 0.998
0.072 0.74 0.996
0.108 0.68 0.995
0 1.00 0.999
W-4 0.21 0.82 0.997
0.42 0.75 0.996
0.63 0.72 0.994
hline 0 0.98 0.999
W-11 0.0038 0.84 0.998
0.0075 0.77 0.998
0.0113 0.72 0.997
0 1.00 0.999
W-13 0.0034 0.76 0.993
0.0067 0.80 0.990
0.0100 0.79 0.989
0 0.72 0.994
W-14 0.00002 0.67 0.995
0.00004 0.65 0.995
0.00006 0.63 0.993
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Table 4. Continued.
Sub-watershed Threshold (m3s−1) Fractal dimension (D) r2
0 0.99 0.999
W-15 0.0035 0.77 0.995
0.0070 0.73 0.992
0.0105 0.70 0.991
0 1.00 0.999
W-16 0.065 0.84 0.999
0.130 0.77 0.998
0.195 0.74 0.996
W-23 0 0.41 0.976
0.00000028 0.41 0.976
0.00000057 0.41 0.976
0.00000084 0.41 0.977
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Table 5. Fractal dimensions of daily runoff rate for nine sub-watersheds of the Sleepers Creek
watershed in Vermont. Fractal dimensions corresponding to four threshold levels of the runoff
rate (0, 0.5M, M, and 1.5M, where M is the daily mean runoff rate) were obtained as the
absolute value of the slope of straight lines fitted to plots as shown in Fig. 1.
Sub-watershed Threshold (m3s−1) Fractal dimension (D) r2
0 1.00 0.999
W-1 0.34 0.86 0.997
0.67 0.73 0.991
1.00 0.67 0.987
0 1.00 0.999
W-2 0.0036 0.88 0.997
0.0072 0.76 0.995
0.0108 0.65 0.986
0 1.00 0.999
W-3 0.08 0.88 0.998
0.16 0.74 0.992
0.24 0.65 0.987
0 1.00 0.999
W-4 0.36 0.87 0.997
0.72 0.74 0.992
1.08 0.67 0.991
0 1.00 0.999
W-5 0.98 0.87 0.997
1.97 0.75 0.992
2.95 0.67 0.989
0 1.00 0.999
W-7 0.17 0.86 0.997
0.34 0.73 0.994
0.51 0.67 0.989
0 1.00 0.999
W-8 0.12 0.84 0.999
0.24 0.73 0.994
0.36 0.66 0.989
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Table 5. Continued.
Sub-watershed Threshold (m3s−1) Fractal dimension (D) r2
0 0.98 0.999
W-9 0.0038 0.83 0.998
0.0076 0.73 0.995
0.0114 0.66 0.994
0 0.99 0.999
W-11 0.013 0.85 0.999
0.026 0.77 0.995
0.039 0.69 0.992
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Table 6. Hurst exponent (H) of daily runoff time series estimated using the R/S analysis
method. Scaling range 1 corresponds to the lag time less than the break point of rescaled
range plot, and range 2 corresponds to the lag time greater than the break point. H for each
range was obtained as the slope of fitted straight lines to plots as shown in Fig. 3.
Watershed Sub-watershed Range 1 Range 2
H r2 H r2
W-TB 0.85 0.999 0.50 0.992
W-TF 0.85 0.998 0.49 0.983
Little River W-TI 0.82 0.999 0.48 0.988
watershed W-TJ 0.82 0.998 0.51 0.989
W-TK 0.83 0.997 0.51 0.986
W-TM 0.81 0.997 0.46 0.981
Average 0.83 0.49
W-5 0.83 0.999 0.52 0.988
W-10 0.80 0.999 0.51 0.989
W-91 0.85 0.999 0.46 0.991
Little Mill Creek W-92 0.83 0.999 0.46 0.993
watershed W-94 0.82 0.999 0.47 0.992
W-95 0.83 0.999 0.46 0.991
W-97 0.80 0.999 0.53 0.990
Average 0.82 0.49
W-1 0.92 0.999 0.60 0.973
W-2 0.92 0.999 0.54 0.983
W-3 0.89 0.999 0.60 0.991
W-4 0.95 0.999 0.59 0.978
Reynolds Creek W-11 0.92 0.999 0.53 0.972
watershed W-13 0.93 0.999 0.43 0.971
W-14 0.73 0.999 0.60 0.985
W-15 0.92 0.999 0.35 0.988
W-16 0.96 0.999 0.27 0.970
W-23 0.60 0.996 0.37 0.984
Average 0.87 0.49
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Table 6. Continued.
Watershed Sub-watershed Range 1 Range 2
H r2 H r2
W-1 0.88 0.998 0.45 0.795
W-2 0.87 0.998 0.30 0.892
W-3 0.90 0.998 0.41 0.952
Sleepers River W-4 0.91 0.997 0.32 0.888
watershed W-5 0.90 0.997 0.29 0.810
W-7 0.87 0.998 0.39 0.958
W-8 0.91 0.998 0.35 0.947
W-9 0.91 0.999 0.42 0.709
W-11 0.92 0.997 0.63 0.758
Average 0.90 0.40
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Figure 1 Fig. 1. Log-log plots of number of boxes (N(ε)) versus box size (ε) for different threshold values
(0, 1.76, 3.52, and 5.28m3/s) using the shifted box counting method to analyze the runoff rate
series for sub-watershed W-TB of the Litter River watershed in Tifton, Georgia. In all cases, r2
was >0.990 for the straight lines fitted to the sections of the graph. Box sizes were exponentially
doubled starting at ε=1 day.
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Figure 2. Shifted box counting graph as in Figure 1 but with one
 
      Figure 2 Fig. 2. Shifted box counting graph as in Fig. 1 but with one day increment of box size (ε) for
sub-watershed W-TB of the Litter River watershed in Tifton, Georgia. The break point of the
slope occurs at approximately ε=365 days.
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     Figure 3 Fig. 3. Hurst rescaled range analysis plot for sub-watershed W-TB of the Little River watershed
in Tifton, Georgia. A scaling break point occurs at about 18 months. r2 was >0.99 for the
straight lines fitted to each scaling range.
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